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Maths pack II Functions 
Maths Pack II covers the fundamental mathematics necessary for 
level two study of astronomy. It is divided into four main sections, 
and supports the Physics Course Notes. It is assumed that 
students have prior knowledge of high school mathematics, 
approximately GCSE level. But in many instances these notes 
start with the definitions, to take account of the diverse 
background of our readers and to ensure consistency in notation, 
which can vary considerably between textbooks. 

 

his section of the Maths Pack establishes many of the mathematical 
fundamentals, such as variables and coordinate systems that are needed to 
plot functions in general. There are several special functions that are 
particularly important in physics and astronomy. Subsections of these 

notes are devoted to trigonometric functions and the exponential function.  

As you work through these notes, you should attempt the self-test question. You 
can regard this as a ‘fast-track’ through Maths Pack II. In addition, you may wish to 
read further on the subject and try some more examples in the supplementary 
textbook by Stroud (See Module Book for details.) Marginal Notes indicate 
paragraphs in Stroud where this further reading and exercises can be found. 

1.1  What is a function? 
A function is a relationship between two sets of numbers where every member of 
one set is associated to a unique member of the other set. How a function acts can 
be described by the following flow diagram: 

INPUT OUTPUT
FUNCTION

 

Section 

MM11

T I C O N  K E Y  

� Valuable information 

" Test yourself 

� Worked example 

	 Textbook 

≈ Important Equation 

Stroud pp 370 - 376 

Figure 1.1 
Function flow diagram 
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Given this information, we can now find the sine of any angle. For example: 

 sin (7π/6) = - sin (π/6) = -0.5 

sin (153°) = sin (180 - 153°) = sin (27°) = 0.4540 ( to 4 dp.) 

The cosine function can be generated in an analogous way by considering 
Figure 1.16a, but this time cos θ is equal to OB the distance of the point B from 
the origin. The resultant curve is plotted in Figure 1.18. 
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Note that cosine function also has a range from –1 to +1 and is symmetrical about 
the line θ = 0. That is cos θ = cos (–θ). The shape of the curve is identical to that 
of the sine function, with a period of 2π, but displaced by a quarter cycle compared 
with the sine function. 

The tangent function is obtained by taking the ratio: 
θ
θθ

cos
sintan =  

Whenever cos θ = 0  (eg .....
2

3,
2

ππθ =  ) the tangent function is not defined. 

The curve gets steeper and steeper as θ approaches π/2, as tan θ tends to infinity. 
Then the curve reappears beyond π/2 from the negative direction. So the curve 
approaches the vertical asymptotes at π/2, 3π/2 etc , but never crosses them. 
The tangent function (illustrated in Figure 1.19) ranges from -∞  to +∞ with a 
cycle that repeats with a period of π. It is anti-symmetric about θ = 0. 

Figure 1.17 The 
function sin θ over a 
domain of  
-2π  ≤ θ  ≤ 3π 

Figure 1.18 The 
function cos θ  over a 
domain of  
-2π  ≤ θ  ≤ 3π 
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1.4.3.2 Conversion between bases 
By considering the rules for exponents derived earlier, we can derive a formula for 
conversion between different bases. For example we may have a function of the 
form y = ax, which we want to express in terms of the Napierian base, e. 

First we shall derive a few logarithmic relationships. 

Consider  u =10x:   x = log 10 u 
v =10y:   y = log 10 v 

 
( )

1.14)Equation  (from          )10(log

1010log)(log
)(

10

1010
yx

yxvu
+=

×=×
 

( )  1010log10 yx ie yx +=×    Equation 1.19 

So we can find the logarithm of a product of two numbers by 
adding the two logarithms. 

By similar arguments, as an exercise, you can show the equivalent relationship for 
quotients. 

( )  1010log10 yx yx −=÷    Equation 1.20 

We can also apply the combination of powers (Equation 1.14)  to logarithms. 

 ( )

px

u
px

pxp

×=
=

=
×10log

)10(loglog

10

1010

 

ie 
upu p

1010 loglog ×=     Equation 1.21 

Now let us return to the problem of how to express y = ax in terms of the 
Napierian base e. Let us suppose there is a number z, such that: 

 zx eay ==  
Then 

)(log
)(log

log

ax
a
yz

e

x
e

e

=
=

=

 

So axz eeey log==  
ie  

axx eea log=      Equation 1.22 

This expression will be useful in deriving the derivative or gradient of exponential 
functions, a topic that will be covered in Section M3. 

����

≈≈≈≈    
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2.2 Defining Vectors 
2.2.1 Vectors as line segments 
A vector is represented graphically by a directed line segment in three-
dimensional space: 

 

P

Q
u or u

 

where the magnitude of the vector 
= length of the line from P to Q 

and the direction of the vector  
= direction of the line with the sense of 
direction  given by the arrowhead. 

The notation for the above vector can take the form of PQ or PQ or u or u.  
Some textbooks use PQ with a bar or arrow over the top to denote the vector.  

A vector may be translated in space and remain unchanged as long as the 
direction and length do not alter. 

uu
uu

represent the same 
vector quantity

 

Also a vector having the same 
magnitude but in the opposite direction 
is denoted by  -u. 

uu -u

 

The magnitude of a vector u is denoted as |u| or |u|. If |u|= 1, then it is known 
as a unit vector. Many books use û (ie with a circumflex) to indicate that the vector 
is unit. 

Thus given the above, two vectors u and v are equal if they have the same 
magnitude, direction and sense. 

2.2.2 Vector Addition 
Vectors can be added to produce a resultant single vector by the so-called triangle 
rule. 

Figure 2.1 Definition 
of Vector u 

Neither overhead 
arrows nor bars are 
easy to do with 
Microsoft products, so 
we will adopt the 
underlined notation. 

Figure 2.2 Two 
identical vectors 
resulting from a 
translation in space 

Figure 2.3 Two equal 
and opposite vectors u 
and -u. 
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